This paper presents and describes a quotient of the Artin braid group by commutators of transversal half-twists and investigates its group actions. We denote the quotient by Bn and refer to the groups which admit an action of Bn as B,,-groups. The group B,~ is an extension of a solvable group by a symmetric group. We distinguish special elements in Bn-groups which we call prime elements and we give a criterion for an element to be prime. /3n-groups appear as fundamental groups of complements of branch curves, © 1997 Elsevier Science B.V.
O. Introduction
In this paper we describe a quotient of the Artin braid group by commutators of transversal half-twists and investigate its group actions. These groups turned out to be extremely important in describing fundamental groups of complements of branch curves (see, e.g., [5] ). The description here is completely independent from the algebraicgeometrical background and provides an algebraic study of the groups involved, using a topological approach to the braid group. We denote the quotient by /3,~ and refer to the groups which admit an action of/3,~ as B,~-groups. In particular, we study /3, the image of the pure braid group in /3,~, and prove that/3n is an extension of a solvable group by a symmetric group. The main results on the structure of/3~ are Theorem 6. 4 and Corollary 6.5. We distinguish special elements in/3n-groups which we call prime elements, compute the action of half-twists on prime elements , and finally we give a criterion for an element to be prime (see Proposition 7.1). This criterion will be applied to the study of fundamental groups of complements of branch curves.
Fundamental groups related to algebraic varieties are very important in classification problems and in topological studies in algebraic geometry. These groups are very difficult to compute. The group/3~, and the B~-groups appeared when we were computing such groups. It turns out that all new examples of fundamental groups of complements of branch curves are/3,~-groups and unlike previous expectations they are "almost solvable" (like/3~ itself). Our future plans arc to study/~,~-groups indpendent of the fundamental group problems. The ultimate goal is to classify all B~-groups.
The paper is divided as follows: 0. Introduction. l. Definition of B,~. 2./3,~-groups and prime elements. 3. Polarized pairs and uniqueness of coherent pairs. 4./3,~-action of half-twists. 5. Commutativity properties. 6. On the structure of/3n and/%,~. 7. Criterion for prime element. Throughout this paper we use the following notations: D is a disc, /£ is a finite subset of D, n = #K (n ~> 4), the braid group Bn = Bn [D,K] 
Definition of/3~
In this section we define the group/3n. This group and the groups on which it acts (called/3n-groups) are the central objects of our investigation. We also introduce the basic notions of a frame and a good quadrangle. In Claim 1.1 and Lemma 1.2 we establish certain basic identities which will be used repeatedly in later sections.
We recall here the definition of a half-twist in the braid group.
Definition 1/2] ). Consider Dj, the unit disc, ~:1/2 E DI. Take Using the above definition we define a general half-twist. 
Definition (H(a), half-twist w.r.t, a path a).
Let D, K be as above, a, b E K. Let ~r be a path from a to b which does not meet any other point of K. We take a small topological disc D2 c D such that ~r C D2, D2 N K = {a, b}, see Fig. 1 . We take a diffeomorphism ~b: D2 --+ Di (unit disc) such that ~b(a) = [-1/2, 1/2], ~(a) = -1/2, ~b(b) : 1/2. We consider a "rotation" ~b3~b -I : De --+ De; ~b3~ -1 is the identity on the boundary of De.
We extend it to D by the identity. We define the half-twist H(a) to be the conjugacy class of the extension of ~b&b -1 .
We sometimes denote the path by x and the corresponding half-twist H(x) by X.
Definition. Let D, K be as denoted above. Let H(~rt) and H(cr2) be two half-twists in B~ : B,~[D, K].
We say that H(cq) and H(cr2) are (see Proof. We will use the following observation: if a half-twist in Bn is determined by a 180 ° rotation around c~, then its inverse is determined by a clockwise rotation. Claims (i), (ii) and (iii) follow from the above observation. For example, for (iii), and X, Y" consecutive half-twists with x n y = b note that/3 transfers b to c and fixes a (see Fig. 3 ). Thus it transfers y to a path connecting a and c. Thus H((y)fl) fixes b and interchanges a and c. The same is true for X-Iyx and thus they coincide. If X and Y are disjoint, (iii) is a trivial result of (i) and the above observation. Items (i) and (ii) are well-known properties of the braid group.
Claim (iv) is a consequence of (i) and (ii) as follows: In /3n [X1,X3] = ! and (XI,X2) = (X3,X2) = 1. Thus, by (ii), XiXf'XV 1 = Xf'XiIXj for (i,j) = (2,3), (1, 2) , (3, 2) , (2, 1) . We shall use these relations in the following list of equations: 1X221X3X~I 3 I Xll X21XlX~ = XeX; ' x; ' xex(x; ' x; ', x2x<' ~XllX2lX;
Remark. (a) XYX = YXY is called the triple relation.
(b) Claim (iv) will be used in the proof of Lemma 1.2 which is the first step in understanding/3n. Definition (/~). Let n ~> 4. /}~ is the quotient of B,~, the braid group of order n, by the subgroup normally generated by the commutators [H(crt), H(~r2)], where H(al) and H(cr2) are transversal half-twists.
Notation. Let Y E B,,~. We denote the image of Y in /}~ by Y. If Y is a half-twist in B,~ we call 1~ a half-twist in /?,. We call two half-twists Y, X in B,~ disjoint (or weakly disjoint, adjacent, consecutive, transversal) if Y, X are disjoint (or weakly disjoint, adjacent, consecutive, transversal).
Definition (A frame of Bn). Let K = {al,...,a~}. Let cri, i = l,...,n-1, be a consecutive sequence of simple paths in D connecting the points of K such that el N K = {a,~, ai+l } and
Then {X,i =/=I(c~i)} is a frame of B~, and {Xi} is a frame of/~n.
Remark. We also refer to a frame as a standard base of /3~. By the classical Artin theorem, a frame generates/3~ (see [1] ). Definition (Polarized half-twist, polarization) . We say that a half-twist X C B~ (or)( in Bn) is polarized if we choose an order on the end points of X. The order is called the polarization of X (or)().
Definition (Orderly adjacent). Let X, Y (or X, Y) be two adjacent polarized half-twists in Bn (respectively in/~n). We say that X, Y (or X, Y) are orderly adjacent if their common point is the "end" of one of them and the "origin" of another.
Definition (Good quadrangle). Let H(cri), i = 1,... ,4, be four half-twists such that H(cri) is consecutive to H(cri+l) (mod4), H(~ri) is disjoint from n(cri+2) (mod4) and 4 in the disc with boundary U~=~ cri there are no points of K (see Fig. 4 ).
We say that {H(cri)} is a good quadrangle in B,~, and {H(cri)} is a good quadrangle in/3~, Proof. If the statements hold for Bn, they also hold for/3,~. We shall prove them for B~. 
X, ×3
(c) Fig. 6 .
is enough to show that y2y2y-2y-2 is conjugate to a commutator of transversal half- and of
(see Fig. 6 (a)). We thus get that XI, (X3)x(,, X3, (XJ)x(, is a good quadrangle. By Claim 1.0(iv),
By Claim 1.0(iii) applied twice, (X2)x, x3 is transversal to X2 (see Figs. 6(b) and 6(c)).
Therefore (X3)x (, (X1)x(,XI 3 is a commutator of transversal half-twists.
Since every two quadrangles are conjugate to each other, g-2y-2~ey2
gate to a commutator of transversal half-twists. As explained in the beginning this is enough to conclude that YI2y32Y4-aY2 -2 normally generates ker(Bn -~ B,~). In particular, YI2Y32Y4-2Y2 -2 = l and y,,2y.
Bn-groups and prime elements
In this section we define a/3,~-group, prime elements of B,~-groups and their supporting half-twist. We present basic properties of a prime element (Lemma 2.1) and we prove two criteria for an element to be prime (Lemmas 2.2 and 2.4). These criteria are necessary steps for Proposition 7.1 in which we prove a criterion for prime elements which is easier to apply. These elements are called prime elements since they satisfy an existence and a uniqueness property as proven in Theorem 3.3.
Definition (B,~-group) . A group G is called a/3~-group if there exists a homomorphism /3,,--+ Aut(G). For g E G and b ~ /~T~ we denote by gb or (g)b, the element obtained from b acting on g.
Definition (Prime element, supporting halJ=twist, corresponding central element, axioms
of prime elements). Let G be a/3,~-group. An element 9 E G is called a prime element of G if there exists a half-twist X C B~,, and T C Center(G) with T 2 = I and 7-6 = w Vb ~ i~, such that:
(1) g~_~ = g-IT;
(2) for every half-twist Y adjacent to X we have:
-gy g~?-,,
(3) for every half-twist Z disjoint from X, g7 = g.
The half-twist X (or 2f) is called the supporting half-twist of gThe element ~-is called the corresponding central element.
We shall refer to (1), (2) and (3) as Axiom ( 
Axiom (1) ::~ g~ = gy_, = g-IT.
(2)
Axiom (2) 
On the other hand,
Thus, .q~-2 : gT".
On the other hand, Thus, 9" y_, =97 , '9T, '9"97_, = =7, and[g, 7 , , 9] Proof. We use the fact that (ab)c = (ac)b~ and (ab)c = ache. We have to prove three properties:
(1)
(2) Let Y be a half-twist adjacent to Xb. Then 115-' is adjacent to X and satisfies Axiom (2) of prime elements for g, X and Yb 1 . Namely:
and g~_,, ~_~ = g~ g-~l"
g~,,~-, = g %j',
(b) g~_,,~_,
(3) Let Z be a half-twist disjoint from Xb. Then Zb-, is disjoint from X. Then 9~b_, = g. We conjugate 95~, = g by b to get:
We need the following technical lemma on Bn to prove later a criterion for a prime element in a/?,-group. (P,,-L the pure braid group) we can conclude that H is generated by ~,..., Y,~ i and by the generators of P,~_ 1. We remove the generators of P,~_ i that can be expressed in terms of ~, ..., E, I (see [1, 2] and [3, Section IV] ) and conclude that H is generated by Y~, ~,..., E,,. The element Yf corresponds to the motion .3A' of a2, a3,..., a,~ described as follows: ~2, a4 .... , a~, stays in place and a3 is moving around fi2 in the positive direction (see Figs. 7(a) and (b)).
We define a homomorphism ~b:Cp(Xj)-+H as follows:
Let U be a "narrow" neighborhood of xj such that A --= OU is a simple loop. Take Consider now any Z E ker ~b. We have (F2)Z = ?2(?2 = FIF2), (Fj)Z = l~j Vj = 3,..., n. This implies that Z can be represented by a diffeomorphism which is the identity outside of U, that is, Z = X(, g E Z. Since Z C Cp(X~), g must equal 0 (mod2).
Thus, Cp(X~) is generated by X 2, ~, X3, ..., Xn-~. Clearly, C(X~) is generated by Cp(XI) 
.,n-1. Then u is a prime element in G, and X1 is its supporting half-twist and r is its central element.
Proof. Let Z E B~ be any half-twist disjoint from Xi, ,~ be the image of Z in /3n. 3b E B~ such that (Xj)b = Xl, (X3)6 = Z. By Claim 2.3, b belongs to the subgroup of B. generated by Xj, X3,..., X,~_l and cr = X2X2X2. Let b and ~ be the images of b and cr in Bn. We have
= TU~.-," (7"U-I)..~2,VI-, = T2/Z~'2'U~I-'--o T(7"U) = U. = -= u for j ~> 3 (by assumption (3)) and u;.~ = u (by Then ua u. Now: Ux~ assumption (1) u~ , ~_, and u~.7_~_, = uZxlu~, ~_, . []
Polarized pairs and uniqueness of coherent pairs
In this section we extend the notion of a polarized half-twist to prime elements, and we create polarized pairs which consist of a prime element and its supporting half-twist when considered polarized. We also extend the notion of braids preserving the polarization to coherent pairs.
The main results of this section are Theorem 3.3 and Corollary 3.5. In Theorem 3.3 we establish the unique existence of a polarized pair, with a given supporting half-twist coherent to an original polarized pair. We denote by Lh,~(T ) the unique prime element with supporting half-twist T in the new polarized pair which is coherent to (h, 3~). In Corollary 3.5 we prove simultaneous conjugation.
Definition (Polarized pair) . Let G be a Bn-group, h a prime element of G, X its supporting half-twist. If X is polarized, we say that (h, X) (or (h,)()) is a polarized pair with central element r, 7 = hh~:_,.
Definition (Coherent pairs, anticoherent pairs) . We say that two polarized pairs (hi, Xl ) and (h2, 3~2) are coherent (anticoherent) if 3b E/3~ such that (hl)g = h2, (3~l)b = X2, and b preserves (reverses) the polarization. Proof. Let X, T E Bn be polarized half-twists representing )( and T. 3b E B~ such that T = Xb preserving the polarization. Let b be the image of b in/3~. Taking 9 = h~, we obtain a polarized pair (g, T) coherent with (h,)(). To prove the uniqueness of g, assume that (9~, T) is another polarized pair coherent with (h, _~). Then 3bl E Bn with 9, = hg, and T = Xb,, preserving the polarization. We have T = Xb, = X6 and Xb, b-, = X. Denote b2 = bib -l, so Xb2 = X (preserving the polarization). By the previous lemma, hg,2 = h. Thus, h~, = h~ or g = 91.
[]
Definition (L(h,~) (T))
. Let (h, _~) be a polarized pair. Let T E /3,~. We denote by
L(h,~ ) (T) the unique prime element such that (L(h,~) (T), T) is coherent with (h,)(). Lemma 3.4. Assume ( h, f2) and (9, X) are polarized pairs. Let 7-be the central element of (g, X). If (h, f() is anticoherent to (g, X) then h = g-i . 7".
Proof. By assumption, 3b E Bn such that g = h/~ and X = Xb, reversing polarization. Thus Xbx-~ = X, preserving the polarization. Thus (hL~_,,)() is coherent with 
Bn-action of half-twists
In this section we study the action of half-twists on prime elements. We compute it for the case when the half-twist is adjacent to the supporting half-twist (Proposition 4. l) and for the case in which it is transversal (Lemma 4.2). The action of a disjoint half-twist is part of the defining axioms of prime elements (Axiom (3)). 
Proof. (1) Proof. Let x, z be two transversally intersecting simple paths corresponding to X, Z (see Fig. 8 ).
L(T)L(Y) = TL(Y)L(T).

Thus L(T)~.,_, = ~-L(Y)L(T).
There exists a simple path y such that the corresponding half-twist Y is adjacent to X and Z, and ZI = Zy-2 is disjoint from X. Let zl be the path corresponding to Zj (see Fig. 8 ). We have h~ : h~-2~2 Lemma 2.1 (hT_)~. ~2 = (hT)~2 = hT. 7 : h.
Commutativity properties
In this section we compute the commutator of prime elements depending on the relative location of their supporting half-twists. We also prove a commutativity result for/3 (the image of P~, the pure braid group, in B~) to be used in studying the structure of/3 as a/3~-group in Section 6 (see Lemma 6.1). Proof. We use in the proof a few identities concerning commutators in a group: 
Proposition 5.1. Let G be a Bn-group. Let (91, ~), (g2, Y2) be two polarized pairs of G. Assume that they are coherent or anticoherent. Let 7-be the corresponding central element of (91, ~ ) (~" = gl (91)~-~ ). Then
[a, bc] = [a,b][a, cJb-, [a, ba] = [a,b-'] -1 = [a,b], b-t [a, a-lb] = [a, b]~ = [b, a -'].
Note. Recall that there exists a natural homomorphism ~ :B,~--+Sn
where ~b~(Xi) is the transposition (i, i + 1) for a frame {Xi}i~=-i I of /3n. Its kernel P,~ = ker~b~, is Z 2 called the pure braid group. Recall from [2, 3] that P~ is generated by { ij}, where
Definition (/Sn). /~n = ker(/3n ~ Sn), where ~#, is induced naturally from ~ (n ~> 4).
Proposition 5.2. Assume n >>. 4. Let X~, X 2 be two adjacent half-twists in B~. Let c = [X~, X~]. Then the commutant P~ of PT, is generated by c where Cb = c Vb E BT,, and c 2 = 1. Moreover, if (Zj, Z2) is another pair of adjacent half-twists, then In particular, if (~ , Y2) and ( Z, , Z2) are two pairs of adjacent half twists then [Z 2, Z~] = [ Yl 2 , Y] I .
Proof. Let Bn = B,~ [D, K] . Complete J(, and )(2 to 3~,,..., 2(.,~_,, a standard base of /3~, i.e., Xi = H(zi) and zl,...,zn_l are simple consecutive paths in D. Let c = [) (~, 2~2] . Let X = (Xl)x2#3. By Claim 1.0(iii) repeated twice, H = H(z) where z is as in Fig. 9(a) . We have a quadrangle formed by zl, x2, z3, x (see Fig. 9(a) ).
Evidently, Xi, Xz, X3, X form a good quadrangle in /~.r~. Thus by Lemma 1. 
On the structure of/3~ and/3
In Proposition 6.4 we establish a Bn-isomorphism between P,~ and the B~-group, G(n), whose definition and structure are given before the proposition (Claim 6.2). Proposition 6.4 will be used in the final section when we give the simplest criterion for a prime element. Corollary 6.5 establishes the fact that Bn is an extension of a solvable group by a symmetric group, which is a structure type theorem for B,~.
• If G is a group, we denote its abelianization by Ab(G). Recall that Ab(Bn) -~ Z. (This follows from the fact that Bn is generated by the half-twists and every two half-twists are conjugate to each other (Claim 1.1(c)).
Definition (P~,o) . P~,o = ker(Pn -+ Ab Bn) ("degree zero" pure braids). is generated by {Z2j}i<j (see [2] ), /3,,.0 is generated by {X~Zij }i<j. If .~,,..., 9-,. is another set of generators for/5,~.o, then {X1,9,,..., 9-~ } generates/Sn.
Lemma 6.1. Let Xj, X~ be two consecutive half-twists in B,. Let u = (f(2) ~_, f(g-2. 2 
Then u E Pn,o, u is a prime element in P, (considered as a B,~-group), X, is its supporting half-twist and c = IX 2, X 2] is its corresponding central element.
Proof. Clearly, u ~ P,,0. We often use here the fact that (XJ)x;-, = (X2)x, as well as the fact that IX1 ~2, .~f2] = c, i.e., )~I2X 2 = cXsX]-~ --2 and (Xi)xf' = (X()x2c for e E Center(Bn), c 2 = 1. In particular, z, = (X-i)x, ,X 2 = (X2)~ X2 2. Complete XI, X2 to a frame of B,~: Xl,..., X,~_,. ((Xi, X~+l) = 1 and IXi, Xj] = 1, li-jl > 2). We shall use Lemma 2.4, and so we must check conditions (1), (2a), (2b), (3) 
Construction of G(n)
For n ~> 3 we define the group G(n) as follows: Generators: sl, ul, u2, ..., Relations; [Sl,Ui] We denote: [u~, u21 by u. Clearly, u ~ Center(G(n) ), G(n) --{1, ,,} and t ,2 = 1.
Equivalent construction of G(n)
Consider a free abelian group A(n) with generators &, Vj, ..., V,~l and a skewsymmetric Z/2-valued bilinear form Q(x, y) on A(n) defined by: -
Uk--I --+~kUk I uj -+ uj Yj ) 3 u3 --~ u2u3; [3, Chapter 41) , and it defines a B,_l-action.
. ,X,-I of B~-i act on Fn-i as follows:
(7) There is a natural chain ofembeddings 6/(3) C G(4) C... C G(n -1) C G(n) corresponding to the chain (.Sl,Ul,U2) C (81,~l,U2, U3) C "'' C (81,Ul,...,U,*-I).
Proof. (1), (2), and (3) are easy to verify.
(4) Consider first the case b = Id. From (3) we get for the X2-action: At the same time by the first construction (since sl commutes with u3, [sl, u2] = u E CenterG(n) and u 2 = 1)
Since An is a Bn-homomorphism, we get An(Tb) = Id Vb E Bn, and thus A~(N) = ld. Hence ,/~ defines canonically a/?n-surjection An: f%~ G(n) with A~(X~) = sl. Uniqueness of such An follows from the fact that Pn is generated by the B,~-orbit of X~. [] Theorem 6.4. There exists a unique Bn-isomorphism An" Pn --+ G(n) with An(c) = u (see Remark 5.3 and Claim 6.2), s.t. Pn, , generated by Ul, ..., un-l. In particular." (1) Ab fn is a free abelian group with n generators. Proof. We first prove (3), since we useit toprove that the surjection An from Lemma 6.3 is in fact an isomorphism. Complete Xl, X2 to a frame -~l, • • •, )(n-l of/3n. We apply conjugation by )(2 on Lemma 6.1 and conclude using Lemma 2.2 that u is prime, its supporting half-twist is X2lX1X2 and its corresponding central element is c. By Remark 6.0, fn,0 is generated by {-,Y22/~2 I I ~ i < j ~ 7/,}. Since )(~. ,~iS 2 = )(22~/2 • 2~i. Z~' /~ 2 and both 2f,2 i.
2 are conjugates of u (by Claim 1.1(f)), f~,0 is generated by the B~-orbit of u. Therefore, Pn.0 is a primitive Bn-group. Thus, we proved (3) . Polarize each Xi (and)(i) according to the sequence (Xl,..., Xn-1) (the "end" of Xi = the "origin" of Xi+l). By Theorem 3.3 Vi = 1,...,n -1, S a unique prime element ~i = L(u,~-l)(Xi) E fn,0 such that (~i,)(i) is coherent with (u,) (1) . Clearly ~1 = u. By Lemma 3.1 the corresponding central element of ~i, i = l,..., n, is also c.
By Proposition 4.1 (1) and (2) we have Vi = 1,..., n-1: 
Criterion for prime element
The criterion for an element of a /?n-group to be prime, presented in this section (Proposition 7.1), is simpler to use than previous ones but its proof is much longer. The proof contains 8 lemmas. This criterion will be used in the application of this paper to study fundamental groups which turn out to be B,~-groups. Proposition 7.1. Assume n >~ 5. Let G be a (X~, X2, ..., : O~-'~'; ' ,2,5' (O~i-1 iyC ' ,3,5) . f~7 1 f25 "..
Since ~b(X2-'-X3-' ) = (2 3)(3 4), the images of {1,2} under it are {1,4}. But {1,4} n {2,5} = (a and {1,4} A {3,5} = 0. Thus, we get by (i) that QY? '~; 2, 5 = QY('27', 3, 5 = The value of ~(2V~2~'2; ~) (= ( 2 3 Considering a quadrangle formed by a2, a3, a4, a5 (see Fig. 12 ) we can write in P,,~ = = f34 f95 fs5. From (7.12) we Q : [T-1,212] .
This implies
QS t=(T-IT~2)S-I
(7.14) Using Q = r-I we get rs2, = r ,. Thus, rs-~ = r and rs = r.
